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Abstract
We establish a connection between the hadronic distributions, in proton-
proton collisions at very high transverse momentum pT, obtained via per-
turbative QCD and the Tsallis non extensive statistics. Our motivation
is that while the former is expected to be valid at extremely high momen-
tum, due to asymptotic freedom, the latter has been very successful in
describing experimental spectra over a wide range of momenta. Matching
the non extensive statistics with the asymptotic pT behaviour expected
from QCD leads to the value of q = 1.25.
The Tsallis distribution [1] has been very successful in describing the particle
spectra measured in high energy collisions [2, 3, 4, 5, 6, 7, 8]. In absence of an
equilibrium chemical potential µ, at high enough energies, it is a distribution
having only two parameters: The Tsallis q parameter as well as the Tsallis
temperature T . For relativistic classical systems, it is given by:
f =
[
1 + (q − 1)E
T
]− qq−1
(1)
The Tsallis distribution can be thought of as a superposition of the Boltzmann
distributions, when the temperature in a system fluctuates following a gamma
distribution [9]. The Tsallis parameter q is then related to the relative variance
of temperature, and controls the non additivity of the entropy relevant to the
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described system. In a number of situations, the non additivity implies some non
extensivity even though the two concepts are strictly speaking different [10]. The
Tsallis temperature T , which is the average of all the Boltzmann temperatures,
is related to the Tsallis entropy ST and the internal energy U following [11]:
T−1 =
∂ST
∂U
∣∣∣∣
V
(2)
Hence, the form of the Tsallis distribution used in the Eq. (1) is referred to as
the thermodynamically consistent Tsallis distribution.
It should be noted that in the proton-proton collisions, this distribution has
been able to describe particle production up to very high values of momenta [15],
and we seek for making a connection between the Tsallis non extensive statis-
tics and perturbative QCD, as we expect the latter to be relevant in that pT
domain [12, 13, 14], by means of asymptotic freedom.
In order to have a QCD inspired description of the invariant cross section
of the hadrons (focusing only on the mid rapidity region) over a wide range of
transverse momenta pT, the following empirical formula had historically been
introduced by Michael and Vanryckeghem [16, 17] as well as by Hagedorn [18]:
E
d3σ
d3p
= A
(
1 +
pT
p0
)−c
→
exp
(
−c pTp0
)
for pT  p0(
pT
p0
)−c
for pT  p0
(3)
where A is a normalization factor, and p0 acts as an effective temperature in
the low pT region while acting like a low momentum cut-off in the high pT one.
We then notice that for dominant hard point-like scattering events, the value
of the index c is bounded as c < 4 [19, 20]. Moreover, we observe that the QCD
cross section E d
3σ
d3p is related to the invariant yield E
d3N
d3p of particles following:
E
d3N
d3p
=
E
σ
d3σ
d3p
⇔ d
3N
d2pTdy
=
1
σ
d3σ
d2pTdy
(4)
By integrating the rightmost quantity of the above equation, or equivalently
the right hand side of Eq. (3) over pT, we are left with a quantity related to
experimentally measurable integrated yield dN/dy which, like A, plays the role
of a normalization factor.
In first approximation, we can take the total cross section σ to be indepen-
dent of pT, and therefore the right hand side of the Eq. (4) will vary as p
−4
T
at asymptotically high momentum. On the other hand, the leftmost quantity
of Eq. (4), in the mid rapidity region and when parametrized by the Tsallis
distribution, can be written as [11]:
E
d3N
d3p
=
gV
(2pi)3
mT
[
1 + (q − 1)mT
T
]− qq−1
(5)
where the transverse mass mT ≡
√
p2T +m
2. If we take the asymptotically
large limit pT →∞, then from Eqs. (4) and (5) we obtain:
lim
pT→∞
E
σ
d3σ
d3p
=
gV
(2pi)3
pT
[
(q − 1)pT
T
]− qq−1
(6)
2
The large pT part of the invariant yield, which is believed to have a ‘perturbative
QCD origin’ with hard scattering cross sections goes as p−4T . Also, to reiterate,
we assume the total cross section σ to be independent of transverse momentum
in first approximation. Considering all these, we obtain the following equality
valid for asymptotically high momentum:
lim
pT→∞
E
σ
d3σ
d3p
∼ 1
p4T
(7)
Matching the powers of pT in the right hand sides of Eqs. (6) and (7), we get
1
q − 1 = 4 (8)
which leads to
q = 5/4 = 1.25 (9)
This above relation provides a natural upper bound to the Tsallis q parameter,
which is below the upper bound q < 4/3 ≈ 1.33 required from thermodynamic
consistency as pointed out in [21]. We can also find out the Tsallis tempertaure
corresponding to this upper bound with the help of Table 1 of Ref. [22] where
the values of the fit parameters q and T for the pions are tabulated for energies
ranging from
√
s =6.3 GeV (NA61/SHINE) to
√
s =7 TeV (CMS). The plot
below shows the points in the q − T plane and the function q = 1.572− 0.005T
which fits q as a function of the central values of T . A relatively fair extrapo-
lation leads to the value of temperature T to be ∼ 59 MeV when q = 1.25. A
similar exercise may be done for other particles to find out the corresponding
temperature values.
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Figure 1: q vs T for the pi− particles. The vertical dashed line indicates T = 59
MeV, when q = 1.25.
Recently, a similar approach has been taken in Ref. [23] where the Tsallis
statistics has been applied to the cosmic ray data to find out the q value to be
3
q ∼ 1.118. But, the authors in this paper use a different version of the Tsallis
distribution which at mid rapidity (y = 0) and in the absence of chemical
potential (µ = 0) is given by,[
1 + (q − 1)mT
T
]− 1q−1
(10)
The form of the distribution which we use in our manuscript has been shown,
in Ref. [11], to be thermodynamically consistent. Also, in the asymptotic limit,
the power index of pT is taken to be 4.5, which in our case is 4 (according to
Ref. [12] it may vary between 4 to 5). Hence, the approaches in the two papers
albeit being similar, differ slightly in several important aspects.
Finally, in order to conclude, we recall that we have established a connection
between the hadronic distributions and the Tsallis distributions at very high
transverse momentum domain where dominance of hard scattering has been
assumed. From the dimensional analysis we obtain the upper bound of the
Tsallis q parameter to be 5/4 = 1.25 which is below the one q < 4/3 ≈ 1.33
proposed in [21] from the argument of convergence of the Tsallis thermodynamic
quantities (like the number density for example). We however notice that while
specifically fitting high pT data (up to 20 GeV) from transverse momenta spectra
at 7 TeV, such as that given by the ALICE collaboration [24], we consistently
obtain the same value for the q parameter independent of the choice for the
high pT range lower bound. In addition, this value is also consistent with the
one obtained in a recent investigation [25], where the authors fitted the whole
range including the very low pT part. Although this is not a surprise, since we
recall it has been shown that the Tsallis non extensive distribution can very
well reproduce data over a wide range of momentum [15], we can nevertheless
translate this value of q ≈ 1.158 to an index value of c ≈ 6.329. This index
value, which relies upon the thermodynamically consistent version of the Tsallis
non extensive distribution suggests, unlike in [12], that there is no evidence for
the dominance of the hard- scattering processes. The transverse momentum
distribution of jets in high energy p − p and p¯ − p experiments at high pT and
central rapidity shows a power-law behavior of 1/pnT where n ∼ 4 − 5. The
power index for hadron spectra lies within the range of 6 to 10, slightly greater
than those for jets, because hadrons are showering products from jets. Since
hadronization is a non-perturbative process, we may argue that n > 4 leads
to non-perturbative effects. Hence, a deviation from the p−4T behaviour can be
attributed to the higher order corrections as well as to the non perturbative
effects and thus results in a modification in the upper bound of the q value.
Besides, a proper parametrization of the total cross section from the QCD side
can enable one to establish a relationship between the parameters appearing in
QCD and in the Tsallis statistics. We reserve this for a future work.
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